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Setup and problem statement



Gibbs state 𝝆𝝁 =
𝟏

𝒁 𝝁
𝐞𝐱𝐩 −𝜷𝑯 𝝁

Interaction coefficients 𝝁 = (𝝁𝟏, 𝝁𝟐, … , 𝝁𝒎),  𝝁𝒌 ≤ 𝟏, 𝒎 = 𝑶(𝒏)

Partition function               𝒁 𝝁 = 𝐓𝐫[𝒆:𝜷𝑯(𝝁)]

Hamiltonian 𝑯 𝝁 = ∑ 𝝁𝒌𝑬𝒌𝒎
𝒌>𝟏 ,  𝑬𝒌 local basis, 𝑬𝒌, 𝑬ℓ ≠ 𝟎

e.g., ⊗ of Pauli operators

𝜷 = 𝟏/𝑻
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Why care about Quantum Hamiltonian learning?

Verification of quantum devices: 
How to verify quantum algorithms involving Gibbs states?
e.g.,	quantum	SDP	solvers,	quantum	annealing,	finite	T	simulations

Quantum Machine Learning: 
Can ML techniques help learn quantum data?

Many-body physics:
Can we test our theories for interacting quantum systems?
e.g.,	interactions	in	newly	synthesized	materials	or	cold	atom	setups	

Many previous results, but no rigorous performance guarantee
[BAL19, BGP+20, WGFC14, EHF19, WPS+17, ...]



Connection to Machine Learning
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𝑿 = 𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏 ∈ +𝟏,−𝟏 𝒏

Vertices of a bounded degree graph

Learn 𝜽 from i.i.d. samples of 𝒑𝜽

𝑿 ∼ 𝒑𝜽



𝑿 = 𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏 ∈ +𝟏,−𝟏 𝒏

𝑨

𝑩

𝑪

Vertices of a bounded degree graph
Ising Model
Boltzmann Machine

Gibbs Distribution

Markov Property
Correlations mediated through 
neighboring variables

Learning algorithms
for these models with
efficient time/sample complexity
[Bresler15, KM17, VMLC16,…]

Hammersley-Clifford 
Theorem

𝒑𝜽 𝑿 = 𝒙 = 𝟏
𝒁
	𝐞𝐱𝐩(∑ 𝜽𝒌ℓ𝒙𝒌𝒙ℓ�

𝒌~ℓ )	

𝑰 𝑨: 𝑪 𝑩 = 𝟎



Learning Quantum Interactions



𝑯 𝝁 = ∑ 𝝁𝒌𝑬𝒌𝒎
𝒌>𝟏

Quantum Gibbs state

Spatially Local Hamiltonian

𝝆 ≥ 𝟎, 𝐓𝐫 𝝆 = 𝟏Quantum state

Violates exact Markov property
𝑰 𝑨: 𝑪 𝑩 ≠ 𝟎

𝝆𝝁 =
𝟏

𝒁 𝝁
𝐞𝐱𝐩 −𝜷∑ 𝝁𝒌𝑬𝒌	�

𝒌

[LP08] 

Conjectured to obey 

𝑰 𝑨: 𝑪 𝑩 ≤ 𝒆:𝑶 𝐝𝐢𝐬𝐭 𝑨,𝑪

[KB19, KKB19] 

Can we obtain unconditional
algorithms for learning 
quantum Hamiltonians?

𝑨

𝑩

𝑪



Our main result:  

𝑶̀ 𝒆	𝐩𝐨𝐥𝐲(𝜷)

𝐩𝐨𝐥𝐲(𝜷)
𝒎𝟑

𝜺𝟐
i.i.d. copies of 𝝆𝝁 suffices to

obtain estimate 𝝁e = (𝝁e𝟏, … , 𝝁e𝒎) s.t. 𝝁e − 𝝁 𝟐 ≤ 𝜺

∑ 𝝁e𝒌 − 𝝁𝒌 𝟐𝒎
𝒌>𝟏

�

We also show a lower bound of 𝛀̀ 𝒎� /𝜺 for the # of samples

Hamiltonian 𝑯 𝝁 = ∑ 𝝁𝒌𝑬𝒌𝒎
𝒌>𝟏

Efficient Sample Complexity 



Main ideas in our proof



Local expectations 𝒆𝒌 = 𝐓𝐫 𝝆𝝁	𝑬𝒌 , 				𝒌 ∈ [𝒎]

uniquely determine 𝝆𝝁 =
𝟏

𝒁 𝝁
𝐞𝐱𝐩 −𝜷∑ 𝝁𝒌𝑬𝒌	�

𝒌

[Jaynes57, KS14, BKL+17]

Sufficient statistics 

A function of the input data that contains 
all the information about the unknown parameters

Maximum entropy optimization

e.g., sample mean and variance in 
Gaussian distributions(Thermal averages)

𝐦𝐚𝐱 							𝑺(𝝈) = −𝐓𝐫[𝝈	𝐥𝐨𝐠	𝝈]	von	Neumann	entropy		
− 𝐓𝐫[𝝈	𝐥𝐨𝐠	𝝈]	von	Neumann	entropystates	𝝈

𝐬. 𝐭.	 	𝐓𝐫 𝝈	𝑬𝒌 = 𝒆𝒌, 	𝒌 ∈ [𝒎] 

𝝆𝝁 = 𝐚𝐫𝐠
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𝟏

𝒁 𝝁
𝐞𝐱𝐩 −𝜷∑ 𝝁𝒌𝑬𝒌	�

𝒌

[Jaynes57, KS14, BKL+17]

𝝆e = 𝐚𝐫𝐠𝝆e

Empirical Values 



Dual program

𝝁 = 𝐚𝐫𝐠𝐦𝐢𝐧(𝝀𝟏,…,𝝀𝒎) 				𝐥𝐨𝐠	𝒁 𝝀 + 𝜷∑ 𝝀𝒌	𝒆𝒌�
𝒌

𝒁 𝝀 = 𝐓𝐫[𝐞:𝜷 ∑ 𝝀𝒌𝑬𝒌�
𝒌 ]Dual
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𝐓𝐫 𝝆𝝁	𝑬𝒌

Partition Function 



Dual program
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𝒌

Dual
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Empirical Values

Error in interactions vs Error in local expectations
‖𝝁e − 𝝁‖𝟐 ‖𝒆m − 𝒆‖𝟐



Dual program
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− 𝒃
𝟐𝒂
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𝒂 > 𝟎
Toy model



Dual program

𝝁e = 𝐚𝐫𝐠𝐦𝐢𝐧(𝝀𝟏,…,𝝀𝒎) 				𝐥𝐨𝐠	𝒁 𝝀 + 𝜷∑ 𝝀𝒌	𝒆m𝒌�
𝒌

− 𝒃u

𝟐𝒂
= 𝐚𝐫𝐠𝐦𝐢𝐧 				𝒂𝒙𝟐 + 𝒃u𝒙 + 𝒄
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Stochastic Convex Optimization

𝒇 𝒙 ≥ 𝒇(𝒙𝟎) + 𝛁𝒇(𝒙𝟎) 𝒙 − 𝒙𝟎 +
𝟏
𝟐
𝜶 𝒙 − 𝒙𝟎 𝟐

𝟐

𝒇(𝒙)	is 𝜶-strongly convex if 
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Linear lower bound

Quadratic lower bound

Strong Convexity

lo
g𝑍
(𝜇
)

𝜇�

𝑵 = 𝑶̀ 𝒎𝟑/𝜺𝟐 	

Our main contribution: 𝝀𝐦𝐢𝐧 𝛁𝟐𝐥𝐨𝐠	𝒁 ≥ 𝛀(𝟏/𝒎)

This implies:      ‖𝝁e − 𝝁‖𝟐 ≤ 𝑶 𝒎 	‖𝒆m − 𝒆‖𝟐 		→
Error in interactions Error in local expectations



𝐕𝐚𝐫 ∑ 𝒗𝒌�
𝒌 𝑬𝒌

≥ ∑ 𝔼𝑩 	𝐕𝐚𝐫 ∑ 𝒗𝒌�
𝒌~𝒂 𝑬𝒌|𝑩 	�

𝒂∈𝑨

≥ 𝔼𝑩 	𝐕𝐚𝐫 ∑ 𝒗𝒌�
𝒌 𝑬𝒌|𝑩 	

𝑎� 𝑎�

𝑎� 𝑎�

Relies on Markov property
and 𝑬𝒌, 𝑬ℓ = 𝟎

≥ 𝛀 𝟏 𝒗 𝟐
𝟐 Local terms

Strong convexity of 𝐥𝐨𝐠	𝒁 (classical case)

Proof
𝒗𝑻 ⋅ 𝛁𝟐𝐥𝐨𝐠	𝒁 ⋅ 𝒗 ≥ 𝛀 𝟏 ⋅ 𝒗 𝟐

𝟐

∑ 𝒗𝒌𝒗ℓ�
𝒌,ℓ

𝝏𝟐

𝝏𝝁𝒌𝝏𝝁ℓ
𝐥𝐨𝐠	𝒁 = 𝐕𝐚𝐫 ∑ 𝒗𝒌�

𝒌 𝑬𝒌

𝑏� 𝑏� …

𝑏�…

= 𝐂𝐨𝐯[𝑬𝒌, 𝑬ℓ ]



∑ 𝒗𝒌𝒗ℓ�
𝒌,ℓ

𝝏𝟐

𝝏𝝁𝒌𝝏𝝁ℓ
𝐥𝐨𝐠	𝒁 𝟏 𝒗 𝟐

𝟐

Relies on 
Quantum belief propagation [Hastings’07]
Connecting global and local properties
of Quantum systems [AKL’16]

≥ 𝐕𝐚𝐫 ∑ 𝒗𝒌𝑬̀𝒌𝒎
𝒌>𝟏

Results: 

Sample complexity of quantum Hamiltonian learning 𝑶 𝒎𝟑

𝜺𝟐

We also show a lower bound of 𝛀 𝒎� /𝜺

Proof of strong convexity of 𝐥𝐨𝐠	𝒁 (quantum case)

> 𝐦𝐚𝐱𝒌(𝒗𝒌𝟐) ⋅ 𝐕𝐚𝐫 𝑾�𝒌𝟎
𝑶 𝟏

≥ 𝛀 𝟏/𝒎 𝒗 𝟐
𝟐

𝑾�𝒌𝟎, 𝑬̀𝒌 quasi-local operator

≈



Time complexity

Maximum entropy optimization

𝐦𝐚𝐱 							𝑺(𝝈)	 = −𝐓𝐫[𝝈	𝐥𝐨𝐠	𝝈]	von	Neumann	
entropystates	𝝈

𝐬. 𝐭.	 	𝐓𝐫 𝝈	𝑬𝒌 = 𝒆𝒌, 	𝒌 ∈ [𝒎] 

𝝆𝝁 = 𝐚𝐫𝐠

NP-hard in the worst case
Requires computing 𝐥𝐨𝐠	𝒁(𝝁)
Approximate versions exist via 
mean field approximation, or pseudo-likelihood

Efficient algorithms at high temperatures 𝑻 > 𝑻𝒄

[Montanari15]

[Harrow, Mehraban, Soleimanifar’19], [KKB’19], [MH’20]



Open questions

1) Close	the	upper and	lower bound	for	sample	complexity?

2) Can	we	learn	𝝁 in	ℓ�distance	with	𝐩𝐨𝐥𝐲𝐥𝐨𝐠(𝒏)	samples?	

3) Can	we	obtain	time-efficient algorithms?	

4) Practical	implementations

(possible for commuting Hamiltonians in ℓ� distance)
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